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Abstract
For modelling the porosity of the electrodes in a lithium-ion battery the electrode materials are described by spherical particles.
With these particles the main chemical reaction, the diﬀusion of lithium into the electrodes, is described. Because the main reaction
occurs at the surface of a particle a numerically eﬃcient solver which is able to predict the correct surface concentration with only
a few discretization points in the bulk is developed. The new algorithm is compared to a standard ﬁnite diﬀerence scheme with
respect to accuracy, the number of discretization points used, and calculation time.
c© 2010 Published by Elsevier Ltd.
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1. Introduction
Because not every parameter in a lithium-ion battery can be measured directly often parameter estimation routines
have to be used for the parametrization of such a model. This is associated with a high calculation eﬀort by solving the
complex electrochemical model several times. In our approach the model is reduced into 1D, assuming homogenous
properties for the whole cross-section area of the electrodes. To incorporate the diﬀusion of lithium into the electrode
materials a spherical particle model with an additional coordinate r in radial direction is used. Because the main
reaction occurs at the particle surface, routines for reduction of the calculation eﬀort based on model order recuction
are thought after like in [1, 2]. Standard methods for battery discretization are based on the ﬁnite diﬀerence method
(FDM) which is explained in [3] or the control volume method (CVM) explained in [4] whereas in [5] a comparison
of both methods is given. Main advantage of the CVM compared to the FDM is the conservation of mass even for
problems where both boundary conditions include derivatives combined with a sparse discretization which is desirable
if only a special area of the particle is of great interest. The disadvantage of the FDM results from the fact that only the
inner points can be calculated directly whereas the boundary points have to be extrapolated necessitating signiﬁcant
points near the boundary. Because of the nonlinearity of the diﬀusion equation in spherical coordinates a substitution
of variables according to [6] is performed. This leads to a linear shape of the equation allowing the use of the CVM
without approximating the integral over each control volume. The results obtained using CVM on the transformed
model and the results of the FDM on the original model are compared and the advantages accentuated.
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Nomenclature
x spatial coordinate through the battery in the direction of the main reaction (m)
r radial coordinate in the particle (m)
R particle radius (m)
cs lithium concentration in the particle (mol/m3)
c˜s transformed lithium concentration in the particle (mol/m3)
Ds diﬀusion coeﬃcient in the solid particle (m2/s)
i charge/-discharge current density of the battery (A/m2)
j electrochemical ﬂux on the particle surface (mol/m2s)
2. Mathematical model formulation
The lithium-ion battery consists of three separate regions, the negative electrode (anode), the electric nonconduc-
tive separator, and the positive electrode (cathode). During current ﬂow the positively charged lithium ions react on
the particle surface and transfer from the solid phase in the electrolyte. Due to diﬀusion and migration the lithium
ions move in the electrolyte through the separator region to the opposite electrode where the lithium ions insert from
the electrolyte into to solid particle again. At the same time electrons are transferred into the opposite direction via an
electric circuit. Figure 1 shows the schematic of a 1D battery model using spherical particles in the electrode regions
for modelling the diﬀusion process in the electrode materials leading to a pseudo-2D system. Because homogenous
conditions are assumed the exchange on the particle surface is assumed to be equal over the whole surface of the
sphere and the diﬀusion equation can be formulated in spherical coordinates in the form
∂cs(r, t)
∂t
= Ds
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r2
∂
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with the boundary condition on the particle/electrolyte interface
−Ds ∂cs(r, t)
∂r
∣∣∣∣∣
r=R
= j(t) (2)
with j(t) representing the electrochemical ﬂux on the interface. One way of dealing with a term of the form (r2cs(r)′)′
where the product rule is required is based on a centered approximation of the diﬀerential using points halfway be-
tween the grid points is explained in [3]. This method is also used in [1] for solving the 1D diﬀusion equation in
spherical coordinates represented by equ. 1.
Figure 1: Spatial discretization of a lithium-ion battery consisting of a positive electrode of length Lneg, a negative electrode of length Lpos and a
separator region of length Lsep between them in pseudo-2D coordinates. The radial coordinate r is used to calculate the concentration distribution
of the diﬀusing lithium in the porous electrode materials.
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Figure 2: Schematic of the CVM for the 1D diﬀusion equation in the particle. At the outer boundary represented by Br the value is calculated
directly whereas on the inner boundary Bl the value has to be extrapolated. The shaded area indicates a complete control volume around a point
P bounded by two interfaces w and e to the neighbouring control volumes around the points W and E. Δr and δr are representing the distance
between two points and two interfaces respectively. (ﬁgure on the basis of [4])
Because we want to guarantee that the conservation laws are fulﬁlled for the particle an integral ansatz in form of
the CVM is used where every discretization point P represents the mean properties of the control volume surrounding
P. Figure 2 depicts a control volume around P with interfaces w and e to the neighbouring control volumes W and
E according to [4]. For direct calculation of the concentration on the surface Br a ’half’ control volume is used on
the outward boundary. The integration of equ. 1 between w and e can not be performed without approximating the
integral. To avoid this approximation a substitution of variables c˜s(r, t) = rcs(r, t) is performed in advance leading to
e∫
w
∂c˜s(r, t)
∂t
dr = Ds
e∫
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∂
∂r
[
∂c˜s(r, t)
∂r
]
dr (3)
assuming a constant diﬀusion coeﬃcient Ds for each control volume. The resulting equation can be discretized by
using a central diﬀerence scheme for spatial discretization together with a fully implicit scheme for the time derivative.
Now the discretized system can be written as a linear set of equations Ac˜s = f. Because the source term f only includes
the boundary condition in equ. 2 a back substitution is possible leading to A˜cs = f˜. To guarantee that the same quantity
of lithium is exchanged through the interfaces of neighbouring control volumes in both systems, the change from a
nonlinear spherical to a linear representation which goes along with the variable substitution has to be considered by
adapting the diﬀusion coeﬃcient Ds as well as the electrochemical ﬂux j(t) on the particle boundary. Thus the ratio
between the surface on which lithium is exchanged to the volume where lithium is inserted/deinserted is preserved.
3. Results
To demonstrate the ability of the CVM based algorithm of mass conservation even for a small number of dis-
cretization points an error analysis is performed. As a reference the concentration is calculated on a mesh using 1000
discretization points. The results obtained using CVM are compared to the results of a standard FDM scheme. In
ﬁg. 3 a constant current excitation is used to calculate the absolute value of the relative error in % and the calculation
time required versus the number of discretization points.
Figure 3: (a) analysis of the relative error together with the calculation time required for diﬀerent numbers of discretization points N for the FDM;
(b) analysis of the relative error together with the calculation time required for diﬀerent numbers of discretization points N for the CVM
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For the calculation of the error the concentration on the particle surface cs(R, tend) at the end of a constant current
discharge is used where 97% of the lithium inserted in the particle is consumed in 3400 s. Remarkably in ﬁg. 3 is the
error axis for the CVM based algorithm compared to the FDM based with the absolute error remaining < 1% using
< 5 discretization points with a similar calculation time for both methods. Additionally in tab. 1 an example is given
on how ﬁne the discretization has to be chosen for both methods to achieve the same accuracy level in both cases. In
the second example the relative error for the FDM is in the same range as the model error between both methods for
N=1000 of 0.31%. Like before the absolute value of the relative error is used.
Table 1: Comparison of FDM to CVM results with respect to calculation speed and accuracy after a simulation time of 3400 s. Remarkably is that
by applying the new method the same level of accuracy can be achieved by using only a fraction of discretization points compared to the FDM.
method number of discretization points N rel. error on particle surface in % calculation time in s
FDM 500 2.7 · 10−3 0.789
CVM 10 2.1 · 10−3 0.148
FDM 50 0.36 0.177
CVM 2 0.087 0.145
Because diﬀusion eﬀects are very slow in lithium ion battery simulations the lithium distribution within the particle
is changing at a low rate. Thus even for a dynamic input signal there exist not more than two inﬂections points
of the lithium distribution in radial direction. For not violating the Nyquist-Shannon sampling theorem at least 5
discretization points are required. Considering a stronger change of the signal near the surface of the particle either a
nonuniform discretization can be used or the number of the discretization points can be increased by a factor of 2–3.
4. Conclusion
In the article the results obtained with a new method for calculating the surface concentration in lithium ion
battery simulations using sparse discretization together with a high accuracy level are proposed. Using the advantage
of fulﬁlling the conservation laws even for a low number of discretization points knowing only the derivatives on
both boundaries the calculation time can be reduced remarkably. Main advantage of the new method is the ability to
calculate the surface concentration without extrapolation, thus eliminating a possible error source.
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